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Abstract: Four-bar is the simplest planar 1-DOF closed loop linkage. It has been studied for centuries for its versatility
and simplicity. In this paper a novel design method to obtain a four-bar linkage given a path and its endpoints will be
presented. This method will then be applied to a case study of making a model that produces a specified movement based
on reference animation. The mechanism obtained had an average root-mean-square of position error of roughly 14.3
pixels for front leg and 25.9 pixels for hind leg. This number is quite small compared to the perimeter of the traced path,
which are 530 pixels and 617 pixels for front leg and hind leg respectively. A prototype model of the designed mechanism
was fabricated to verify its manufacturing viability and to confirm the correctness of the path generated.

1

Introduction

There has been quite a considerable interest in
development of motion guided toy following the
publication of a seminal work by Zhu et al [1]. Recent
developments include T-Rex, Pushing Man and Dog toy
[2], Bull toy and Dancing Lantern [3], and Dancing
Automaton [4] from motion capture sequence. However,
the commonality between the designs of all these toys is
that they are machine elements that are relatively difficult
to produce like gears and cams. These elements would
require motion in at least two axes to be produced
correctly. This would mean that one would require a CNC
machine to produce the mechanism. One solution to
simplify the mechanism would be to use one of the simplest
planar mechanism, which is a four-bar linkage.
Unfortunately, most of the case study for four-bar design
has been focusing mostly on straight lines [5], circle [6],
and figure-eight-like motions [7]. Most of the current work
also seems to focus on Evolutionary Algorithm/Genetic
Algorithm whose emphasis is on letting the computer
attempt optimize four-bar parameter by itself without any
additional heuristic from human [8,9] however the
effectiveness of these techniques depends highly on initial
position chosen. There is no guarantee that there will be
convergence during solution space exploration. With
recent advances in technology, it is already possible to do
a brute force on four bar search space as long as correct
assumptions are made [10,11]. However even using
aforementioned software it still takes quite a long time to
finish the search (roughly 4 hours). There are also works
on synthesizing function [12,13] but those studies are
orthogonal to ours as their works focuses on making a
connection between input angle and output angle while our
works focuses on creating motion based on prescribed
path. This work attempts to bridge the existing hole in the
study by providing an algorithm that can produce four bar
that is capable of producing the desired walking motion
within more reasonable time limit.

After the design is finalized a prototype was fabricated
using combination of additive (3D Printing) and traditional
subtractive manufacturing. This is to ensure both the
viability of the mechanism (no interference) and the
validity of the claim mentioned previously (that a CNC
machine is not necessary to produce the desired motion).
While we still require the use of 3D printer to produce the
body of the toy its use is less pronounced compared to
previous works. 3D Printing has enjoyed quite immense
popularity in the recent year mainly due to major patents
expiring sometime in 2009 [10]. It works by depositing
molten plastic on top of moving base layer by layer. It has
been used for research in various fields such as
microfluidics [15,16], optics [17,18], biomedicine [19],
and even aerospace [20].

2

Design

First consider a four-bar linkage that reaches a limiting
point at position 1 and 3 as shown in figure 1. In this text
notation similar to that of Sandor-Erdman [21] will be used

Figure 1 Four-bar Linkage with 2 Endpoints

A typical four-bar linkage design is typically done by
splitting the linkages into two parts called dyads. Equations
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⃗

for both dyads can then be solved simultaneously. Let us
initially consider the left dyad that contains the prime
mover and ignore the right dyad as shown in figure 2.

⃗

(6)

These are two equations (real and imaginary part) with
4 unknowns in β2, β3, γ2, and a. Since β2 and β3 are angles
we can choose any number from 0 to 2π as our selections.
Alternatively, if timings are important we can
predetermine β2 and β3 since those angles correspond to
crank angle for position 2 and 3. Either way for each pairs
of β2, β3 we will have corresponding solutions in γ2 and a
since each tuples must fulfil (6).
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Figure 2 Left Dyad

From figure 2 we can see that the curves endpoints are
reached when W and Z either points to the same direction
or exact opposite of each other so we can get (1).
⃗

⃗

(1)

Where a is a scalar signifying the ratio of length of Z
with respect to length of W.
Note that this is a sufficient but not necessary condition
as there are cases where the endpoint is reached without W
and Z pointing to the same direction or opposite to each
other but as we can see in the case study later the search
space for our method is wide enough that we won’t need to
consider all the possible cases (2).
⃗

⃗

⃗

Substituting Z from this equation (4) into (2)
(4)

Similarly for position 2 we have (5)
⃗

⃗

⃗

!"# &

(7)

We can solve this equation (7) by replacing cos γ2 with
x and sin γ2 with √(1-x2). By collecting all terms with x on
one side and √(1-x2) on the other and squaring both sides
we can get quadratic equation in x. We can then represent
x in terms of a (8). Next, we take a look at the imaginary
part of (6).
#%
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But we know that at position 3 W and Z points to
opposite direction as compared to position 1 so we have
(3).
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Since x is cos γ2 and ±√(1-x2) is sin γ2 we can replace
all terms that contains γ2 with either of those terms. We can
then substitute x value with representation found from (7).
The resulting equation only contains one unknown which
is a, which can then find by numerically solving for the
polynomials. Note that not all a that is found is a valid
solution since there is possibility that x >1, x<-1 or even x
is imaginary. That is why we will need to double check the
solutions found against (5).

(5)

By substituting W and Z from (4) and (1) respectively
we can get (6).
⃗
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So now we have four equations with 6 unknowns. Like
the previous dyad we will iterate through both β2’ and β3’
from 0 to 2π. Likewise for each pairs we will generate its
corresponding W’ and Z’. Since (9) and (10) are linear
equations in those two variables solving them should be
pretty straightforward.
Once we have found the tuples (W, Z, W’, Z’) we have
practically defined the four-bar linkage. We can then
determine the suitability of the said linkage by considering
the following:
1. Grashof Criterion.
Grashof criterion says that the sum of the longest link
and the shortest link should be less than the sum of two
remaining links. We can find the length of each links by
taking the magnitude of vectors W, W, (Z-Z’), and (W+ZW’-Z’) respectively.

Figure 3 Left Dyad Design Procedure

Now let’s take a look at the right dyad as depicted in
figure 3.

2. Crank-rocker or Drag link configuration.
For a fourbar to make a complete rotation the shortest
link needs to be either the ground or the input link. In other
words among the four linkages either W or W+Z-W’-Z’
needs to be the smallest of the four.
3. None of the coupler angles are imaginary.
We find every coupler angles for each input angle
rotation that we are interested in using forward kinematics
and verify that none of them are imaginary to make sure
that we have a valid linkage.
4. Attempt to minimize the distance between each coupler
positions and the supposed position.
We can do this by choosing angle combinations β2, β3,
β2’, β3’ where the (11) reaches minimum.
∑ 234
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6

Figure 4 Right Dyad

Similarly the other dyad satisfy equation (2) and (5) as
well (9).
⃗- .

/

0

⃗-

⃗

(9)

The prime symbol represents the counterpart for the
right dyad. There is no prime symbol for γ2 because the
rotation angles are the same for both left and right dyad.
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Figure 6 Reference Animation [22]
Table 1 Paw Positions in Pixel

Figure 5 Right Dyad Design Procedure

3

Fabrication

First an animated image [22] was downloaded from the
Internet to be used as a reference. For manufacturing
simplicity, it is assumed that both left leg and right leg
follows the same motion. The position of foreleg and hind
leg at each frame is recorded in table 1. The leftmost and
rightmost positions are selected as position 1 and 3
respectively. The positions where legs touch the ground is
selected as position 2. We can then apply the calculation
described in previous sections to the problem.
Ideally, we would like it so that each frame has similar
spacing in β however attempting to pose this constraint
tend to lead to unacceptable error in positions. As such the
bottom part of the movement is time-stretched so that the
error in positions can be minimized. Design for left dyad is
implemented using Mathematica while the one for right
dyad is implemented using Matlab. The linkage obtained is
then simulated using software Artas SAM.

Fore
Leg (x)

Fore Leg
(y)

Hind Leg
(x)

Hind
Leg (y)

0

32

125

44

8

31

165

12

63

0

297

3

149

3

343

24

215

56

381

43

231

68

391

91

197

66

377

90

187

79

341

58

143

63

340

62

96

60

294

48

51

63

244

48

11

69

197

50

13

66

149

62

After the design has been finalized each linkage was
fabricated using combination of additive and subtractive
manufacturing with conversion factor of 20 pixels/cm.
Note that additive manufacturing process is not strictly
required in the fabrication of the linkage. It is only used to
shorten the waiting time while waiting for the raw material
(acrylic) to arrive and to give good contrast whenever it is
necessary. At the end of each linkage either a 3D-printed
pin or a bearing was placed. For linkages made from
acrylic the pin was connected by welding the pin into the
acrylic using soldering iron. For linkages that are 3Dprinted the pins are printed at the same time as the linkage.
Bearings were placed by pushing them into the hole made
either by drilling (for acrylic) or pre-made hole during
printing (for 3D-printed part). The body of the toy was
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made by 3D-printing the part as well. Similarly, a bearing
was also placed inside the body of the toy.

Figure 7 Revolute Joints

4

Results and Discussion

Figure 8 shows the linkage generated from our
procedure that is to be connected to foreleg.

Table 2 Comparison between x and y positions of front leg

X
Actual
0.000
19.004
71.085
142.769
206.101
230.999
217.926
183.068
135.030
87.450
48.860
21.311
4.908

X Reference

Y Actual

Y Reference

0.000
8.000
63.000
149.000
215.000
231.000
197.000
187.000
143.000
96.000
51.000
11.000
13.000

32.000
9.405
-2.191
8.352
38.736
68.000
74.837
73.392
69.378
66.336
62.653
55.885
45.348

32.000
31.000
0.000
3.000
56.000
68.000
66.000
79.000
63.000
60.000
63.000
69.000
66.000

As can be seen from table above the for the key frames
(points 1, 2, and 3 during the design) are exact, meaning
that the reference and actual positions as reached by the
linkage are the same. By inserting these values into (11) we
can get the squared-sum of position errors to be 2658
pixels, which corresponds to root-mean-square of 14.3
pixels, which are significantly smaller than the perimeter
of the traced path (531 as measured by Autocad).

Figure 9 Hind Leg Linkage
Figure 8 Front Leg Linkage

The crank has dimension of 5.8 cm, the rocker has
dimension of 25 cm, the coupler has sides with dimensions
of 4 cm, 9 cm, and 13 cm respectively. Meanwhile the
frame (distance between pivots) is 25 cm long. We can still
3D-print the crank and the coupler while we need to use
acrylic for the rocker since it is much larger than maximum
size that Lulzbot can print. Meanwhile table 2 shows
comparison between x and y generated by the linkage and
the one from reference animation.

The linkage for hind leg has crank with dimension of
6.3 cm, rocker with dimension of 20 cm, and coupler with
sides of 34 cm, 20 cm, and 16 cm respectively. Distance
between pivots is 25 cm long as well. Similarly, we can use
3D printer to produce the crank while the rocker and the
coupler need to be made from acrylic.
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Table 3 Comparison between x and y positions of hind leg

X
Actual
125.000
168.252
253.796
336.620
385.628
388.612
372.658
346.575
311.844
269.554
221.436
173.050
136.671

X
Reference
125.000
165.000
297.000
343.000
381.000
391.000
377.000
341.000
340.000
294.000
244.000
197.000
149.000

Y
Actual
44.000
22.006
5.823
21.804
60.057
93.969
101.852
100.261
89.674
73.067
56.245
46.312
45.172

Y
Reference
44.000
12.000
3.000
24.000
43.000
91.000
90.000
58.000
62.000
48.000
48.000
50.000
62.000

Similarly, for key frames the actual and reference
positions are the same. Plugging these values into (11) will
result in squared-sum of position error of 8718, which
correspond to root-mean square of 25.9 pixels, which are
much smaller than the perimeter of 616 as measured by
Autocad.

Figure 11 front leg mechanism at bottom-most (a), right-most
(b), top-most(c), and left-most positions(d)

Figure 12 Fabricated mechanism at bottom-most (a), right-most
(b), top-most(c), and left-most(d) positions

Figure 10 Visual Representation of Linkage Movement,
Actual(pink) vs Reference(black), for front leg (a)
and hind leg (b)

Figure 10 shows visual representation of these values
so that we can evaluate the performance of the linkage
qualitatively.

Prior to his work there have been several works that
related to generating specific path for animation or motion
capture purpose. Ceylan and Thomaszewski made some
study regarding mechanism as internal part of the toy [3,4].
While their works are more elegant than ours it comes at a
price of more complex assembly and manufacture. . In
particular Ceylan’s work requires the use of laser cutter and
Thomaszewski’s work requires 11 separate links compared
to 5 links described in this paper. Our work is closer to the
original work by Zu and Coros where the movers are
completely separate from the toy [1,2]. While the problem
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is much simpler because it poses less constraints both of
their work still requires more extensive manufacturing
process where it requires either cam or gears inside the
mechanism. In contrast four-bar linkage only uses a rigid
link which is relatively simpler to manufacture because
unlike gears or cam producing a rigid link only requires
motion in single axis as compared to two or more for gears
or cam.

5

Conclusion

Method to design four bar linkage based on its
endpoints and a specified path has been presented. This
method has been applied to generate a motion on a running
cheetah toy. The designed mechanism was subsequently
fabricated using traditional manufacturing method (no
CNC) to demonstrate its manufacturing viability. Motion
generated by the mechanism has relatively small error (less
than 10x) compared to the total perimeter of the traced
path. The linkage generated is also the simplest of all
previous work. The procedure discussed in the text can also
be applied to design pick-and-place mechanism where the
workspace is constrained. Since the procedure actually
take into account the limiting position of the coupler curve
we can tell its endpoint quite easily.
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